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QUESTION 1. (i) We know that 6Z, 8Z are in�nite cyclic subgroups of (Z,+). Hence 6Z ∩ 8Z is also an in�nite

cyclic subgroup and thus 6Z ∩ 8Z = aZ for some a ∈ Z. Find all possible values of a. Explain?

Sketch. Let a be the least positive integer that "lives" in 6Z and "lives" in 8Z. Hence 6|a and 8|a. Since a
is the least positive integer where 6|a and 8|a, we conclude that a = LCM [6, 8] = 24. Thus a = 24. Thus

6Z ∩ 8Z = 24Z

(ii) In general �x a, b ∈ (Z,+). Then aZ ∩ bZ = cZ for some c ∈ Z. Find all possible values c (of course write c in
terms of a, b.

Sketch: Let d ∈ (aZ∩bZ). Then a | d and b | d. Let h = lcm[a, b]. Then h is the least positive integer that lives
in aZ∩bZ. Since aZ∩bZ must be an in�nite cyclic subgroup ofZ, we conclude that aZ∩bZ = lcm[a, b]Z = hZ.
We know that ifH =< v > is an in�nite cyclic group, thenH has exactly two generators, namely: v and v−1.

Thus aZ ∩ bZ = lcm[a, b]Z = −lcm[a, b]Z. Thus all possible values of c are : lcm[a,b] and -lcm[a, b]. .

(iii) Let (S, ∗) be a group. Assume that a ∗ b = b ∗ a for some a, b ∈ S. Prove that a ∗ b−1 = b−1 ∗ a.
Proof Since a ∗ b = b ∗ a, we have b−1 ∗ a ∗ b ∗ a−1 = b−1 ∗ b ∗ a ∗ a−1 = e ∗ e = e. Since b−1 ∗ a ∗ b ∗ a−1 = e we
conclude that b−1 ∗ a = e ∗ a ∗ b−1 = a ∗ b−1.

(iv) Let (D, ∗) be a group with 8 elements. Assume that D has a unique subgroup of order 2 and it has a unique abelian

subgroup of order 4. Prove that D is an abelian group. In fact, you can prove that (D, ∗) is cyclic.
Proof: Let F be the unique abelian subgroup ofD with 2 elements and letM be the unique abelian subgroup

of D with 4 elements. Since M is abelian with 4 elements, we know that M has an abelian subgroup K
with 2 elements. Since K is also an abelian subgroup of D with 2 elements, we conclude that K = F .
Now let a ∈ D \ M and let c = |a|. Hence by Lagrange Theorem, c = 1 or 2 or 4 or 8. We know that

{a, a2, ..., ac = e} =< a > is an abelian (cyclic) subgroup of D with c elements. Since a ∈ D \M and F ⊂ M
are unique abelian subgroups of order 2 and 4 respectively, we conclude that c ̸= 2 and c ̸= 4. Clearly, c ̸= 1.

Hence c = 8. Thus D =< a >. ,

(v) Let (D, ∗) be a group. Assume a ∗ b = b ∗ a for some a, b ∈ D. Given |a| = n, |b| = m, and gcd(n,m) = 1. Prove

that |a ∗ b| = nm. [Hint: Since gcd(n,m) = 1, from class notes we know that if n | mc for some c ∈ Z, then n | c.
Also you need to use a trivial fact from number theory that if gcd(n,m) = 1 and n | c and m | c for some c ∈ Z,
then nm | c]
Proof: Let k = |a ∗ b|. Since a ∗ b = b ∗ a, (a ∗ b)nm = (an)m(bm)n = e ∗ e = e. Hence k|nm. Now

e = (a ∗ b)km = akm ∗ (bm)k = akm ∗ e = akm. Thus n | km. Since gcd(n,m) = 1, we conclude that n | k.
Similarly, e = (a ∗ b)km = (am)k ∗ bkn = e ∗ bkn = bkn. Thus m | kn. Since gcd(n,m) = 1, we conclude that

m | K. Since n | k and m | k and gcd(n,m) = 1, we conclude that nm | k. Since k | nm and nm | k, we
conclude that k = nm.

(vi) Let (D, ∗) be a group. Assume a ∗ b = b ∗ a for some a, b ∈ D. Given |a| = 6 and |b| = 14. Prove that (D, ∗) has a
cyclic subgroup of order 42. [hint: Some how show that D has an element of order 7, then you need to use (V )]

Proof. We know |b2| = 14/gcd(2, 14) = 7. Since a ∗ b = b ∗ a, it is clear that a ∗ b2 = b2 ∗ a. Since gcd(6, 7) = 1,

by part V |a ∗ b2| = 42. Hence H =< a ∗ b2 > is a cyclic subgroup of D with 42 elements.

(vii) Let D be an abelian group with pq elements where p, q are distinct prime numbers. Prove that D is cyclic.

Proof. Since D is abelian, we have a subgroup H of order p and a subgroup K of order q. Let a ∈ H such

that a ̸= e. By Lagrange Theorem we conclude |a| = p. Similarly, if b ∈ K and b ̸= e, then |b| = q. Thus
|a ∗ b| = pq by part V. Hence D =< a ∗ b >

(viii) Let D be a �nite abelian group and H be a proper subgroup of D with 10 elements. Assume a ∈ D \H such that

|a| = 3. Then

a. Show that a ∗H , a2 ∗H, a3 ∗H are distinct left cosets of H[ Hint: First note that a3 ∗H = e ∗H = H . We

know a ∗H ∩H = ∅. So show a2 ∗H ∩ a ∗H = ∅ and a2 ∗H ∩H = ∅].
Proof: We show a2 ̸∈ H and a2 ̸∈ a ∗H . Assume that a2 ∈ H . Since a3 = e, a ∗ a2 = e. Thus e ∈ a ∗H ,

impossible since a ∗ H ∩ H = ∅. Assume a2 ∈ a ∗ H . Thus a2 = a ∗ h for some h ∈ H . Hence a = h,
impossible. Thus H, a ∗H, a2 ∗H are all distinct left cosets of H .

b. Show that F = a ∗H ∪ a2 ∗H ∪ a3 ∗H is a subgroup of D with 30 elements.

Proof: Note thatH = a0 ∗H = e∗Hand hence F = a0 ∗H ∪a∗H ∪a2 ∗H . Let x, y ∈ F . Since F is �nite,

we only need show x ∗ y ∈ F . Hence x = ai ∗ h, y = ak ∗ g for some i, k, 0 ≤ i, k ≤ 2 and some h, g ∈ H .

Since |a| = 3 and D is abelian, x ∗ y = (ai ∗ h) ∗ (ak ∗ g) = a(i+k)mod3 ∗ (h ∗ g). Since 0 ≤ (i+ k)mod3 ≤ 2

and h ∗ g ∈ H , we are done.

(ix) Consider (U(16), .16). Given H = {1, 7} is a subgroup of U(16).
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a. Find all distinct left cosets of H . Note there must be exactly 4 such left cosets

: This is my present to you... just straight forward calculations

b. Is H ∪ 5H a subgroup of U(16)? Is H ∪ 9H a subgroup of U(16)? explain

NoteK = H ∪ 5H = {1, 7, 3, 5}. (5.3 = 15 ̸∈ K, so no) and L = H ∪ 9H = {1, 7, 9, 15} (by Caley's Table
L is a subgroup)

Submit your solution on TuesdayOctober 18, 2016 at 2pm. Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.

E-mail: abadawi@aus.edu, www.ayman-badawi.com
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QUESTION 1. (i) Let α = (1 4 5 2)o(2 6 5) ∈ S6. Find |α|
Typical question

(ii) Let β ∈ S7 and x = βo(2 6 3 1)oβ−1. Find |x|.
Typical question

(iii) Let D = (Z4,+) × (Z6,+). Give me a subgroup H of D such that there is no subgroup L1 of Z4 and there is no
subgroup L2 of Z6 where H = L1 × L2.

Solution: The element (2, 3) in D is of order 2. Hence H = {(0, 0), (2, 3)} is a subgroup of D but there is no
subgroup L1 of Z4 and there is no subgroup L2 of Z6 where H = L1 × L2.

(iv) Let D = (S, ∗1)× (F, ∗2) be a cyclic group (you may assume |S| > 1, |F | > 1). Let H be a subgroup of D. Prove
that there exists a subgroup K of S and there exists a subgroup L of F such that H = K × L. [Hint: You may use
the fact that if gcd(n,m) = 1 and i | nm, then i | n or i | m or i = ab (a > 1 and b > 1) such that a | n and b | m.)
[OBSERVE that the group in part III is not cyclic, interesting!]
Solution: We know that F, S are cyclic and finite groups. Let n = |S| and m = |F |. Hence |D| = nm. Since
D is cyclic, we know gcd(n,m) = 1. Let H be a subgroup of D and k = |H|. Since D is cyclic, we know that
H is the only subgroup of D that has k element. Since k | nm and gcd(n,m) = 1, we conclude that k = ab
such that a | n, b | m, and gcd(a, b) = 1 (note it is possible that a = 1 or b = 1). Since a | n, S has a unique
subgroup L1 of order a. Since b | m, F has a unique subgroup L2 of order b. Thus L1 × L2 is the unique
subgroup of D that has k elements. Hence H = L1 × L2.

(v) Let a ∈ Sn be a permutation (i.e a = (a1 · · · ak). Note that not every function in Sn is a permutation). Prove that
a ∈ An if and only if |a| is an odd number.

Solution: Since a = (a1 a2 · · · ak−1 ak) = (a1 ak)o(a1 ak−1)o · · · o(a1 a2) , (k-1)-2-cycles, we conclude that
a ∈ An iff (k-1) is even. Hence k must be an odd positive integer. Thus |a| = k is odd.

(vi) We know that D4 is a subgroup of S4 and hence L = D4 ∩A4 is a subgroup of S4. Find L. Is L / A4? EXPLAIN

Solution: Let L = D4 ∩ A4 = {(1), (1 3)(2 4), (1 3)(2 4), (2 3)(1 4)}. Now if we view L as a subgroup of A4.
Then [A4 : L] = 3. Thus L has exactly 3 left cosets, say: L, aoL, and boL. Now do the calculation, show:
aoL = Loa and boL = Lob. Thus we conclude that L / A4.

(vii) Let D be a group with 15 elements. Assume H / D such that |H| = 3. Assume there exists a ∈ S \ H such that
|a| 6= 5. Prove that D is cyclic. [Hint: you may want to consider D/H !!]

Solution: We knowD/H is a group with 5 element. Consider the natural group homomorphism fromD onto
D/H (given by x → x ∗ H). Let k = |a|, and m = |a ∗ H| (note that m is the order of the element a ∗ H in
D/H). We know that m | k and m | 5 (since |D/H| = 5). Since a 6∈ H , m 6= 1. Hence m = 5. Thus 5 | k. Since
5 | k and k | 15 and a5 6= 1, we conclude that k = 15. Thud D is cyclic.

(viii) Let F be a nontrivial group-homomorphism from (Z6,+) into (Z8,+). Find Ker(F ) and find Image(F ) (i.e.
Range(F )).

Solution: We know Z6/Ker(F ) ≈ Image(F ) and Image(F ) is a subgroup of Z8. Thus |Image(F )| is a factor
of 8. Let a = |Image(F )|, b = |Z6/Ker(F )|. Hence a = b. Since b | 6 and a = b and a | 8, we conclude that
a = b = 2. Now Z8 has exactly one subgroup of order 2. Thus Image(F ) = {0, 4}. Since b = 2, we conclude
|Ker(F )| = 3. Since Z6 has exactly one subgroup of order 3, we conclude Ker(F ) = {0, 2, 4}.

(ix) Is the group (Z4,+) isomorphic to U(8)? EXPLAIN.

Solution: No, Z4 is cyclic but U(8) is not cyclic

(x) Give me an example of a non-abelian group say D such that D has a normal subgroup H where D/H is abelian.

Solution: Let D = S3 and H = A3.

(xi) Give me an example of an abelian group say D that is not cyclic but D has a normal subgroup H where D/H is
cyclic .

Solution: Let D = U(8) and H = {1, 7}.

(xii) Give me an example of a group say D that has a normal subgroup H such that there is an a ∈ D where |a| =∞ but
the order of the element a ∗H in G/H is finite.

Solution: Let D = (Z,+), H = 5Z, and a = 1. Then |1| =∞. Since Z/5Z ≈ Z5, |1 + 5Z| = 5.

(xiii) Give me an example of a group say D such that for each integer n ≥ 2, there is an element a ∈ D with |a| = n.
(note that such D must be infinite)

Solution: Let D = (Q,+) and H = Z. Then 1
n + Z| = n in Q/Z.
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(xiv) Let n ≥ 3 and let x ∈ Sn. Prove that x2 is always an even function.

Solution: Since A4 � S4, we know that S4/A4 is a group with exactly 2 elements. Let x ∈ S4. Then (xoA4)2 =
x2oA = A in S4/A4. Thus x2 ∈ A4.
DUE DATE : Nov 18, 2016, Thursday at 2pm
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